We apply the 3D reduction method we recently proposed for the N-particle Bethe-Salpeter equation to the 4-particle case. We find that the writing of the N ≥ 4 Bethe-Salpeter equation is not a straightforward task, owing to the presence of mutually unconnected interactions, which could lead to an overcounting of some diagrams in the resulting full propagator. We overcome this difficulty in the N = 4 case by including three counterterms in the Bethe-Salpeter kernel. The application of our 3D reduction method to the resulting Bethe-Salpeter equation suggests us a modified 3D reduction method, starting with the Feynman's graphs representation of the full propagator, without the need of writing the Bethe-Salpeter equation explicitly. The modified reduction method is usable for all N.
1 Introduction.
The Bethe-Salpeter equation [1, 2] is the usual tool for computing relativistic bound states [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] . The principal difficulty of this equation comes from the presence of N-1 (for N particles) unphysical degrees of freedom: the relative time-energy degrees of freedom. In a recent work [20] , we built a 3D reduction of the two-fermion Bethe-Salpeter equation around an instantaneous approximation of the Bethe-Salpeter kernel, the difference with the exact kernel being corrected in a series of higher-order contributions to the final 3D potential. This potential being not explicitly hermitian, we performed a second symmetrizing series expansion at the 3D level. The result of the combination of both series turned out to be independent of the starting instantaneous approximation, and to be in fact a compact expression of the potential that Phillips and Wallace [19] compute order by order. We found that this 3D potential was also obtainable directly by starting with an approximation of the free propagator, based on integrals in the relative energies instead of the more usual δ−constraint. Furthermore, the method was easily generalizable to a system of N particles, consisting of any combination of bosons and fermions. Special cases of N=2 or 3-fermion systems were examined.
In the present work we test our reduction method in the four-body problem. The first step is of course the writing of the starting Bethe-Salpeter equation itself. It is an homogeneous equation for a Bethe-Salpeter amplitude, which is derived by identifying the residues of the bound state poles in the inhomogeneous Bethe-Salpeter equation for the full propagator G. The interactions are introduced via the Bethe-Salpeter kernel K, which is such that the inhomogeneous Bethe-Salpeter equation reproduces, by iterations, the full propagator G as deduced by the Feynman's graphs method. The writing of the Bethe-Salpeter kernel K is straightforward in the two and three-body problems. In the fourbody problem, however, we meet a new difficulty due to the mutual uncon-nectedness of the three pairs of two-body irreducible kernels (12)(34), (13) (24) and (14)(23): adding simply the six two-body irreducible kernels (plus the four irreducible three-body kernels and the irreducible four-body kernel) would lead to an overcounting of some graphs in the expansion of G. We would get for example the sequences of kernels (12)(34) and (34) (12) , which are in fact a unique part of graph (unlike sequences like (12)(23) and (23)(12) which are different). It is however not very difficult to correct this overcounting by including three counterterms in K. Computing then the first terms of the 3D potential by our 3D reduction method, we find that, at the often used approximation in which we keep only the two-body kernels, the energy-independent part of these kernels (instantaneous approximation) and the positive-energy part of the propagators, the final 3D potential is simply the sum of the six two-particle potentials.
It is clear that the difficulty of the overcounting of the sequences of unconnected kernels will not be so easily overcomed for N ≥ 5. This suggested us to modify our 3D reduction method by working directly on the graphic representation of the full propagator G in order to avoid the explicit writing of the Bethe-Salpeter equation and its kernel K.
In section 2, we recall our 3D reduction method of [20] for the N-body Bethe-Salpeter equation. In section 3 we apply it to the four-body problem. In section 4 we suggest a general 3D reduction method starting directly from the expansion of the full propagator G, as given by Feynman graphs, without the need of writing explicitly the kernel K of the Bethe-Salpeter equation. Section 5 is devoted to conclusions.
2 Integrating propagator-based reduction for the N-body Bethe-Salpeter equation.
The inhomogeneous and homogeneous Bethe-Salpeter equations can be written
where G is the full propagator and Φ the Bethe-Salpeter amplitude. The free propagator G 0 for a system of f = 0, 1...N fermions and b = N-f bosons is
the propagators of the fermion i and the boson j being respectively
where p i is the 4-momentum of particle i , and
We do not specify the reference frame in which we write noncovariant quantities like h i or E i . Our 3D reduction will in fact be frame-dependent. Practically, we shall choose the global rest frame. The kernel K will be chosen in such a way that equation (1) gives by iterations the usual expansion of G in terms of Feynman graphs. It is related to the kernel K ′ defined in the same way with the dressed propagators
where G ′0 is the product of the dressed propagators
and Σ i the renormalized self-energy function. The transfer of the self-energies from the propagator to the kernel is achieved with [20, 21] 
In the two-body problem K ′ is simply the sum of all irreducible Feynman graphs. In the three-body problem, it is
where K ′ ij is the sum of the two-body (ij) irreducible Feynman graphs while K ′ 123 is the sum of the three-body connected irreducible Feynman graphs. In the four-body problem and beyond, there appear mutually unconnected kernels in the expression of K ′ (like K ′ 12 and K ′ 34 for example), and we shall have to be careful to avoid overcountings in the expansion of G (see next section).
In ref. [20] , we built a 3D reduction of the two-fermion Bethe-Salpeter equation around an instantaneous approximation of the Bethe-Salpeter kernel, the difference with the exact kernel being corrected in a series of higher-order contributions to the final 3D potential. This potential being not explicitly hermitian, we performed a second symmetrizing series expansion at the 3D level. The result of the combination of both series turned out to be independent of the starting instantaneous approximation, and was also obtainable directly by starting with an approximation of the free propagator, based on integrals in the relative energies instead of the more usual δ−constraints. Furthermore, the method was easily generalizable to a system of N particles, consisting of any combination of bosons and fermions. In the present work, we shall however present our 3D reduction in yet another way. Let us first define the 3D free propagator
with
for f = 0, so that
When f = 0, (bosons only), we have no τ and no β (we can replace them by 1 in (12)) and
Let us now define a 3D full propagator in the τ 2 subspace, with τ g 0 as free limit:
The integrations with respect to the relative energies preserve the positions of the bound state poles of G. If we write G as
we get
with the definition
If T were an instantaneous positive-energy operator, we would get
If we restore the δ(P ′ 0 −P 0 ) which was factorized out from the beginning and take the P 0 → E and P ′ 0 → E ′ limits in < T >, then the operators (g 0 ) −1 in (21) select the residues of the poles in P 0 −E and P ′ 0 −E ′ and we get also (22) with the particles on their positive-energy mass shell in T and a δ(E ′ − E). In the two-body case, this implies that the 3D reduction preserves the physical scattering amplitude. For N ≥ 3, this has no direct practical consequence, since the initial state of a scattering experiment consists in only two clusters (bound states and/or particles). Such processes will be examined elsewhere [22] .
To the 3D full propagator g we can associate the 3D equation
where V is such that
The comparison with (20) gives
or, conversely
or, making the dependence on the relative energies explicit:
By substracting G I from G 0 , we remove the leading term of KG 0 K, which comes from the residue of the positive-energy poles of G 0 . This ensures in principle the decreasing of the terms of the series (27). The choice (18) of g as the integral of G defines our 3D reduction (in the two-body case it is also Phillips and Wallace's reduction). A different approach, in the two-body case, the constraint approach, consists in defining < T > by fixing the relative-energy arguments of T (p ′ 0 , p 0 ), for example by putting one initial particle and one final particle on their positive-energy mass shell [16] .
There is no problem with this approach for N = 2. For N = 3, we should put two initial and two final particles on their positive-energy mass shell. However, the corresponding two-body terms would then be taken on the physical continuum. This difficulty can be avoided by applying different constraints to the different terms of T [23, 24] . This leads to a set of coupled equations which can not, without approximations, be reduced to a single equation.
In [20] , we derived equation (23) from the inhomogeneous Bethe-Salpeter equation (2), with the definition
A simpler reduction method, which we shall adopt from now, can be obtained by keeping only the positive-energy part Λ + of τ. In this case, the equation obtained after the reduction of the Dirac spinors into Pauli spinors will be [20] 
where v is the large-large part of V.
3 The four-body problem.
In this section 3, we shall neglect, for simplicity, the radiative corrections (omitting thus the Σ ′ s and all the primes in the expression of K).
Bethe-Salpeter equation for four particles.
For four particles, we have 
and similarly for K 13,24 and K 14,23 . The three lines of (34) contain the two, three and four-body kernels respectively. The last term of (35) is a counterterm which has no equivalent in the two and three-body problems. If we write the expansion of G
and collect the terms containing one K 12 with one K 34 , we get indeed
Since K 12 and K 34 commute mutually, the two last terms of (37) correspond to the same graph which appears thus twice, while the first term is again the same graph with a minus sign. This mechanism works at all orders. The kernel K 12,34 is indeed given by
where G 12,34 is the full propagator obtained by keeping only the interactions K 12 and K 34 . It factorizes into
(39) so that (38) gives (35). This problem of commutating kernels was not present in the two and three-body problems. It has been easily overcomed here in the four-body problem. It will become much more complicated in the five-body problem and beyond.
3D reduction of the four-body Bethe-Salpeter equation.
For definiteness we shall work on the Bethe-Salpeter equation for four fermions and perform the reduction based on the positive-energy part of g 0 . Then:
We shall now compute the two and four-vertex terms, to which only the twofermion kernels contribute:
< K T > (4) = < K 12,34 > + · · · (3 terms) + < K 12,34 G 0 K 14,23 > − < K 12,34 > g 0 < K 14,23 > + · · · (6 terms)
The various terms of (45)-(47) are represented in figure 1 . The two last terms of (47) are equal to < K 12 K 34 > . In the expansion of G this term will thus appear only once, with a plus sign.
Let us now examine the counterterms − < K > g 0 < K >, which could be represented by the 8 last graphs of figure 1, with a vertical line separating them into two parts. In the two and three-particle problems we had a cancellation between the corresponding contributions of < KG 0 K > and of − < K > g 0 < K >, when the two-body kernels were approximated by relativeenergy independent kernels (instantaneous approximation) and the propagators by positive-energy propagators. This cancellation of the leading terms led in principle to a decreasing of the contributions of the higher-order terms of the series < K > + < KG R K > + · · · . It is easy to see that we have the same cancellation here for the 4th to the 9th graphs of figure 1. We remain thus with (up to the above approximation):
The two-vertex contributions are simply the sum of the six two-fermion potentials:
For < K 12 K 34 >, we have
Let us perform the integration with respect to P 120 and close the integration path clockwise. We have to consider the poles at P 120 = E 1 + E 2 and P 120 = E ′ 1 +E ′ 2 . We obtain
Writing then
in (52), we see that the contributions of the first terms cancel mutually, so that we remain with
(55) These two terms are cancelled by the two last terms of (48) respectively.
We shall now examine a typical set of six-vertex graphs, the ones which contain two K 12 with one K 34 . Their contributions to the potential are represented in figure 2 , with a vertical line when G 0 is to be replaced by > g 0 < . After the mutual cancellations of some identical contributions, we obtain the corresponding contribution to < T >, minus the four graphs containing one > g 0 <, plus the three graphs containing two > g 0 < . Let us now consider again the case of instantaneous potentials with positive-energy propagators. We have shown above that, in a sequence K 12 K 34 , we must consider the two possible orders. Here, in a sequence K 12 K 12 K 34 , it can be shown that we must consider the three possible orders, so that the first graph of figure 2 becomes equal to the sum of the three last ones. In figure 3 , we expand the graphs of figure 2 in the case of instantaneous potentials with positive-energy propagators, and we see that the sum of the resulting graphs is zero.
4 Bypassing the Bethe-Salpeter equation.
In section 3, we presented a 3D reduction method for the N-body Bethe-Salpeter equation. The starting homogeneous equation was written in terms of a kernel K, which was designed to reproduce the full propagator G by iterations of the inhomogeneous equation. We have seen that the writing of this kernel K was straightforward for N = 2, 3, less straightforward for N = 4, and increasingly complicated for N ≥ 5. Our investigations on the N = 4 case in section 3 suggests us a possible way of avoiding the explicit writing of the Bethe-Salpeter equation. Instead of trying to write T in terms of a Bethe-Salpeter kernel K, we shall use it directly to compute the 3D potential:
using the reduction built with the positive-energy free propagators ( τ 2 replaced by Λ + in the definition (21) of < A >). In < T > we shall limit ourselves to a fixed number N V of vertexes, and, in the expansion of V we shall collect the terms containing n ≤ N V vertexes, and sort them by increasing n. The operator T is directly given by the Feynman graphs if we neglect the radiative corrections. If not, we can use
The operators G and T ′ are directly given by the Feynman graphs. For T, we have
Conclusions
In a previous work [20] , we were in search of a 3D reduction method for the two-fermion Bethe-Salpeter equation based on an unspecified positive-energy instantaneous approximation of the Bethe-Salpeter kernel. We performed a series expansion around this approximation, followed by an integration on the relative energy and a second series expansion, at the 3D level, in order to render the resulting 3D potential symmetric. After combining both series, we found that we had in fact built a kind of propagator-based reduction, using an integration with respect to the relative energy, in full contrast with the usual constraining propagator-based reductions, which use constraints. Furthermore, this method was easily generalisable to systems consisting in any number of fermions and/or bosons.
In the present work, the increasing difficulty of writing the Bethe-Salpeter kernel for N ≥ 4 suggested us a more direct way on performing our 3D reduction: we get direcly the 3D potential by integrating (with respect to the initial and final relative energies) and combining the terms of the series expansion of the full propagator (as given by the Feynman graphs). 
